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This study aims to provide a model that compounds
historically proposed ideas regarding cell survival irradiated
with X rays or particles. The parameters used in this model have
simple meanings and are closely related to cell death-related
phenomena. The model is adaptable to a wide range of doses and
dose rates and thus can consistently explain previously published
cell survival data. The formulas of the model were derived by
using five basic ideas: 1. “Poisson’s law”; 2. “DNA affected
damage”; 3. “repair”; 4. “clustered affected damage”; and 5.
“saturation of reparability”. The concept of affected damage is
close to but not the same as the effect caused by the double-
strand break (DSB). The parameters used in the formula are
related to seven phenomena: 1. “linear coefficient of radiation
dose”; 2. “probability of making affected damage”; 3. “cell-
specific repairability”, 4. “irreparable damage by adjacent
affected damage”; 5. “recovery of temporally changed repair-
ability”; 6. “recovery of simple damage which will make the
affected damage”; 7. “cell division”. By using the second
parameter, this model includes cases where a single hit results
in repairable–lethal and double-hit results in repairable–lethal.
The fitting performance of the model for the experimental data
was evaluated based on the Akaike information criterion, and
practical results were obtained for the published experiments
irradiated with a wide range of doses (up to several 10 Gy) and
dose rates (0.17 Gy/h to 55.8 Gy/h). The direct association of
parameters with cell death-related phenomena has made it
possible to systematically fit survival data of different cell types
and different radiation types by using crossover parameters.
� 2023 by Radiation Research Society

INTRODUCTION

The first survival model of X-ray-irradiated cells was the
target theory during the 1920s (1). In many studies, a

simple model using linear-quadratic (LQ) equations
significantly improved data fitting over the dose range
clinically used in X-ray therapy (2–4), and extended to
explain various phenomena (5–7). The characteristics and
limitations of the LQ model were pointed out in previous
works (8–12) and some works include the changing of relative
biological effectiveness (RBE) (13–16) between different
radiation types. The methods, which use simple equations,
have evolved into methods that use numerical solutions of
differential equations or the Monte Carlo simulation (17–19).
Models that explain radiation-induced cell death have

been developed with various concepts since the early days,
as shown in Fig. 1. The Appendix presents previous research
on these models. The concepts are based on ideas that
approach some of the essences that explain the elementary
processes of cell death. The first idea is a formula derived
from Poisson’s law, which is involved in many models. In
the formula, parameters are used that represent the probability
of damage to the domain in a cell. A typical example is a
relationship between this idea and the target theory model (1).
The second is the idea that two or more simple damages are a
major cause of contribution to cell death, which resembles the
contribution to cell death by DNA double-strand breaks
(DSBs) (20, 21). These damages will lead to cell death if they
cannot be repaired. Research on DSB has been progressing
recently, and new findings such as drift and pairing have been
obtained (22). In our work, the amount of DSB is not suitable
for use as an internal parameter for fitting the formulas
because it can be estimated experimentally in many works
(20–22). We use another phase, DNA-affected damage as a
concept that is close but not the same as the effect caused by
the DSB. Affected damage is a quantity defined only for
fitting by using the present formulation. The third is the idea
of repair. Of the damages that affect cell death, repairable
damages return to their original state with a response
determined by the repair time (23). Fourth is the idea of an
adjacent or clustered affected damage, which means
irreparable damage. The idea is incorporated in simulation
methods, such as a local effects model (19, 24). The last is
the saturation of reparability. If a lot of damage occurs in1 Corresponding author: tsakae@md.tsukuba.ac.jp.
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a short time, the substance used for repair (reparability) is
temporarily depleted and additional repair becomes
impossible (25, 26). The depleted reparability returns to
the original amount with a response determined by the
recovery time. This phenomenon is thought to be related
to repair proteins that are supplemented from around the
cell nucleus.
The five ideas are important as elementary processes for

expressing the mechanism of cell death, but no studies have
been conducted to make mathematical formulas in
consideration of all of them. Incorporating these ideas into
a formula is important from the perspective of clarifying
the meaning of the parameters. In this paper, we expressed
the properties of the ideas in differential equations and
solved them to derive new formulas for cell survival. With
this method, we aim to consistently explain cell survival
data that includes a wide range of doses. Furthermore, by
deriving a time-dependent difference sequence, we estab-
lished a method to consider the effect of the dose rate and
the interval time between irradiations.

FORMULATION AND FITTING METHOD

Model of Repairability

In this work, model parameters are the linear efficiency (a)
of radiation dose to make simple damages, probability of
making affected damage (c1) in a track of chained damages
as described below, cell-specific repairability (R), the
proportion of repairable damages ( f ), recovery time constant
of reduced repairability (τR), recovery time constant (τS) of
simple damages and doubling time of cell division (Td).

We assume that the amount of repair is determined by
the product of damage and a variable of the remaining

repairability r(x). If repairability does not have sufficient

time to recover, it is assumed that repair will be limited.

This is the concept of “temporary depletion of repairability”

which has been introduced in past models (25, 26).
Figure 2 gives an overview of the model of repairability.

The variable r(x) is consumed by the amount of damage

produced. Parameters sR, sS; and Td will be applied later.

The recovery appears in a differential equation as a term of

increased survival which is proportional to the amount of

damage and the repairability,

dS

S
¼ �A xð Þ dx 1� fr xð Þð Þ ð1Þ

where S, A(x), and dx are survival, a variable of damage

(1/Gy) which is a function of dose in the consumption

valance of repairability, and dose increment (Gy). A(x) is
calculated by the parameters a and c1 as described below.

From Poisson’s law with linear coefficient a and probabil-

ity c1 of directly making affected damage, the probability of

affected damage is approximated as a linear weighted sum,

AD ¼ c1 1� exp �axð Þð Þ þ 1� c1ð Þ 1� exp �axð Þð Þ2
¼ 1� exp �axð Þð Þ 1� 1� c1ð Þ exp �axð Þf g: ð2Þ

Here, c1 is a parameter that probabilistically describes the

process by which simple damage develops into affected

damage. In other words, it is a parameter that separates the

probabilistic case between “a single hit” that results in

repairable-lethal damage and “double hits” that results in

repairable-lethal damage. The tendency of low-linear energy

transfer (LET) radiation can be expressed approximately by a

small value of c1 ffi 0:1 or 0:15ð Þ, high-LET radiation can be

expressed approximately by a large value of c1 ffi 0:9ð Þ.

Poisson’s 

formula

Multiple lesion

Repair

Saturable Repair

Clustered 

DSB

Target  Theory

Linear quadratic

Microdosimetric

Kinetic

Lethal & 

Repair

Repair 

Saturation

DSB Simulation, Local Effect

DSB

FIG. 1. Basic ideas and models of cell survival. The Appendix presents previous research on these models.
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Once the repair term (variable r(x)) is ignored, S is

calculated from Eq: 2ð Þ;
S ¼ 1� AD ¼ exp �axð Þ 2� c1 � 1� c1ð Þ exp �axð Þf g

lnS ¼ �axþ ln 2� c1 � 1� c1ð Þ exp �axð Þð Þ:
The differential form is

dS

S
¼ �adxþ a 1� c1ð Þexp �axð Þ

2� c1 � 1� c1ð Þexp �axð Þ dx:

Therefore,

A xð Þ ¼ a� a 1� c1ð Þexp �axð Þ
2� c1 � 1� c1ð Þexp �axð Þ : ð3Þ

By the probability c2 of forming a closely connected

second affected damage near the first affected damage in

one action of radiation incidence, the proportion of

repairable damage can be calculated. The probability c2 is
a parameter determined by radiation type. The probability

of creating a second affected damage simultaneously and

adjacent to the first affected damage is Adx ∙ Adx, and the

probability of creating a second affected damage in

relation to the action that created the first affected

damage is Adx ∙ (1 2 Adx)c2. The probability that two

affected damages are adjacent is Adx(Adx1 (12 Adx)c2).
The probability of repair is

f ¼ Adx� Adx Adxþ 1� Adxð Þc2ð Þ
Adx

¼ 1� Adxð Þ 1� c2ð Þ ffi 1� c2 ð4Þ

In the case of low-LET radiation such as X ray and proton,
f should be about 0.9.

Short-Time Irradiation with a Relatively High Dose Rate

For simplicity, we consider that the change in repair-
ability depends on the amount of damage.

dr

r xð Þ ¼ �kA xð Þ dx ð5Þ

Here, k is a constant which means the loss of r(x) is
proportional to r(x) and the cell damage. Assuming that the
integral of A(x)r(x)dx is the total repair capability R, k
should be 1/R. R is the constant that determines the finite
value of repair capacity, or the maximum amount of
damage that can be repaired in a short time. The remaining
r(x) after irradiation x is

r xð Þ ¼ exp

�
� K xð Þ

R

�
;K xð Þ

¼ ax� ln 2� c1 � 1� c1ð Þexp �axð Þð Þ; ð6Þ

Survival: S

ΔS

r（x ）

Dose: x

Damage

repair

loss Recover(τR)
1

loss

f =1, Td=∞

R

a, c1, τS : Parameters for 

the damage creation

FIG. 2. Schematic diagram of the relation between parameters in the present model. Loss of survival ΔS is
the product of dose, A(x) and survival S. The loss is compensated by the repair which is the product of ΔS and
variable of repairability r(x). The loss of repairability is recovered with the time constant sR. R is the total
amount of repairability.
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Where

dK xð Þ
dx

¼ A xð Þ: ð7Þ

Eq. (1) is,

dS

S
¼ �A xð Þ dxþ fA xð Þ dx exp

�
� K xð Þ

R

�
: ð8Þ

From integration and the initial condition (x ¼ 0, ln S ¼ 0),

the effect of the irradiation is expressed by the following

equation.

ln S xð Þ ¼ �K xð Þ þ fR 1� exp

�
� K xð Þ

R

� ��
ð9Þ

For the case c1 ¼ 0 where a track made by radiation

incidence cannot make affected damage directly, survival

can be expressed,

ln S xð Þ ¼�axþ ln 2� exp �axð Þð Þ

þfR

�
1�exp

�
� 1

R
ax� ln 2�exp �axð Þð Þð Þ

��
:

ð10Þ
For the case c1 ¼ 1 where a track made by radiation

incidence makes affected damage directly, survival can be

expressed,

lnS xð Þ¼�axþ fR

�
1�exp

�
�ax

R

��
: ð11Þ

Parameter c1 can represent the state between Eqs. (10)

and (11). The values 0 and 1 for c1 are not realistic. In

the case of X rays, which have a low probability of
making strong damage at the same time, it is considered
that c1 has a small value near 0.1 or 0.15. For high-LET
radiation that easily creates affected damage, c1 is close
to 1. These equations contain three essential quantities
2 the amount of simple damages (ax), total repairability
(R), and the proportion of repairable damage ( f ¼
1 2 c2).

The schematic shape of the proposed model is shown
in Fig. 3 as the survival curve of Eq. (9). This curve does
not include time dependence. The formulas of asymptotic
lines for small doses and large doses are indicated in solid
squares. The intersection of the extrapolated line with the
survival axis is indicated in dotted circles. The intersection
shows the total repair components which means a shift of
survival in the large dose region (27, 28). As one of the
features of this model, the shift of radiation effect ( fR 1
ln(2 2 c1)) is independent of the linear coefficient, and fR
shows the maximum value of repairable damage including
repair efficiency f. The asymptotic curve for low doses is a

linear quadratic curve �ac1 1� fð Þx� a2
2

1� c1ð Þ 1� fð Þx2.
It means that the new model has an affinity with the LQ
model at low doses, with the condition that c1 has a value
between 0 and 1.

Variable RBE and Equivalent Dose in 2 Gy Fractions
(EQD2)

Recent studies treat RBE as a variable that depends on
the endpoint of cell death (6, 13–16). Instead of expressing
RBE as a function of endpoint, it is expressed here as a
function of fractionated dose (d). It is assumed that the
interval time of fractionated irradiation is sufficiently
longer than the recovery time of repairability. Based on the
cell survival irradiated by X ray, RBE is expressed by the
following equation.

fR+ln 2

x

ln(S)

fR+ln 2 ax

1
2

1 1

FIG. 3. Schematic shape of survival curve for the present model which has high dose asymptote not passing
through the origin. The dose rate is assumed to be not small and the irradiation time negligibly short.
Asymptotic lines for small dose and large dose are shown as formula in figures by solid square. The
intersection of the extrapolated line to the survival axis is indicated by a dotted circle.
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SX deq
� � ¼ S dð Þ;RBE dð Þ ¼ deq

d
ð12Þ

Where SX is the cell survival irradiated by the reference

radiation and deq is the equivalent dose by the reference

radiation. To find deq from d, it is necessary to solve Eq.

(12) numerically, because this is not the quadratic equation

such as the LQ model. As Eqs. (9–11) shows, the

asymptotic value of RBE is the ratio of parameter a when

the fractionated dose is large enough.

RBE d ! ‘ð Þ ¼ a

aX
ð13Þ

Here, aX is a coefficient of the amount of simple damages

caused by the reference radiation. One of the features of

this model is that the RBE is asymptotic to the constant

value at high doses.

The formula of the EQD2 is given by the general

definition.

EQD2 ¼ ln SX deq
� �

ln SX 2ð Þ 2nf ; ð14Þ

Where nf is the number of radiation fractions. Suppose that

EQD2 calculated by the LQ model is close to the correct

value between 2 Gy and 4 or 5 Gy. If R is determined so that

EQD2 becomes the same as the LQ model at 4 or 5 Gy in

case using fixed values of f and a, the obtained EQD2 by Eq.
(14) becomes smaller than that of LQ at a large dose region.

This is consistent with the results obtained in the study of the

LQL and other models (8, 27, 29, 30).

Case of Low Dose Rate and Fractionated Irradiations

The time-dependent formula of the survival for low dose

rate and low LET radiation is not simple to be solved,

except for c1 ¼ 1. Here, it is expressed as a difference

sequence using many fractions of small dose irradiation

and time intervals x1; t1ð Þ; x2; t2ð Þ; � � � xi; tið Þ; � � �.
In the case of the constant dose rate dx

dt ¼ x0
� �

, the divided

dose is

xi ¼ x0ti: ð15Þ

As a phenomenon in which recovery of cell death occurs

due to interval time, repair of simple damages and recovery

of repairability can be considered. Especially in the case

of low-LET radiation, since the formation of affected

damage depends on the combination of simple damages,

the probability of affected damage decreases when simple

damages repair occurs. The difference sequence can be

derived from a principle similar to how to calculate time

factor G in the LQ model (28) which is represented by an

integral formula.

ln Si � ln Si�1 ¼ ti
Td

ln 2� K XS;i�1 þ xi
� �� K XS;i�1

� �� �
þ fR exp �K XR;i�1

� �
R

� ��

� exp �K XR;i�1 þ xi
� �

R

� �)
ð16Þ

XS;i ¼ XS;i�1 þ xi
� �

exp � ti
sS

� �
ð17Þ

XR;i ¼ XR;i�1 þ xi
� �

exp � sS þ sR
sSsR

ti

� �
: ð18Þ

As defined before, sS, sR, and Td are a time constant of
simple damages repair, a time constant of recovery of
repairability, and a doubling time of cell division.
The accumulation of Eq. (16) including the term of cell

division
	 ti
Td

ln 2


gives the log scale survival. By setting t i

to zero, changing survival by continuous plural irradiations
can be obtained. By setting xi to zero, it makes a simple
interval. Using Eq. (16), the effect of the fractionated
irradiation is expressed as a curve of survival in Fig. 4. Here,
4 cases of survival curves are calculated by using daily
fractionated doses from Monday to Friday. To show the
continuous change in survival, one fractionated dose is
divided into small doses without interval time. The
irradiations started on Monday. Interval of the weekend and
of a 9-day break (arrows) by an accidental stop of the
irradiation system are included in the case of the 2 Gy fraction
where the doubling time of cell division is set to 10 days as an
example. Both of the recovery time constant sS and sR are set
to 1 h. Here the parameters are set as a ¼ 1.0, f ¼ 0.95, R ¼
1.6 and c1 ¼ 0.1 (solid curve) and 0.15 (dotted curve). To
know the influence of changing a parameter, all calculations
were performed using two values of c1. Changes in this
range do not have a large effect.

Fitting Method

In comparison to the LQ model, which shows stable
fitting performance, the fitting of this model has instability
due to the correlation between R and a. Only if this
instability exists, to achieve stable fitting, we propose a
method with two steps of calculation. For simplicity, we
assume that c1 is kept at a fixed value close to zero. (i)
Fitting of R and a is performed using only data at a large
dose. At this time, f is fixed at 1. Let R obtained is fR for
the next step. As shown in Fig. 3, a and fR are the slope and
intercept of the straight line, so if only high-dose data are
used, a stable solution can be easily obtained by fitting in
step (i). In particular, fR and a are parameters that represent
the characteristics of the shape of the survival curve, so
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they can be confirmed from the shape of the curve. So, it is

easy to predict that the solution, especially fR, is close to

the true value. (ii) If fR is kept to the result of step (i) in the

full data fitting of the next step, f and a are free

parameters under condition of R ¼ ðfixed fRÞ
f . With this

method, R does not diverge, so there is no problem of

large changing R in the second fitting. As for a, the first

fitting gives a result close to the true value, so the second

fitting brings it even closer to the true value. One can take

the result of the second fitting as the final value of a. If the
amount of data is insufficient, this two-step method may

be effective.

RESULTS OF FITTING

Fitting Performance for a Wide Range of Radiation Doses

In cases where the radiation dose exceeds approximately

5 Gy, the proposed model with repairability could

consistently explain the experimental data of the survival

curve. We investigated the fitting performance of the new

model [Eq. (9)] in comparison to others by calculating the

Akaike Information Criterion (AIC). As the formula of AIC

under the framework of weighted least squares estimation
(31), we used the following equation. Here, the weight of
the squared residual is given by the standard deviation (ri)
of each data.

AIC ¼ 2kP þ n ln 2pð Þ þ 2
Xn
i¼1

ln ri þ
Xn
i¼1

yi � F xið Þð Þ2
ri2

ð19Þ

Where, (xi, yi) is a data set of dose and survival fraction, F
is the result of calculation, n is the number of survival data,
kP is the number of parameters in F. Typical data of
survival for large dose is shown in Fig. 5 with fitting curves
for LQ (dotted line) and the new (solid line) models. Here,
parameters f and c1 are fixed at 0.9 and 0.1. Data in the
range of 24 Gy indicates survival of V-79 cells exposed to
X rays (32). AIC was 2258 and 2264 for LQ (2
parameters) and the present model (2 parameters),
respectively. Parameters a and R were 0.709 (1/Gy) and
2,57 in Eq. (9). Data in the range 10 Gy represents the
survival of human mammary epithelial cell line MCF-12A
exposed to 200 kV X-rays (16), with AIC of 238 and 243

0 10 20 30 40 50
Dose (Gy)

S
u
rv

iv
al

2Gy frac. + Td=10 days

9 days interval

no interval

3Gy frac.

2Gy frac.

FIG. 4. Effect of the fractionated irradiation on the survival curves. The first curve (red curve) has no
interval. The second (purple curve) 3 Gy fractionated dose for every day. The third (blue curve) 2 Gy
fractionated dose for every day. The 4th (black curve) 2 Gy fractionated dose for weekdays with 9 days
machine trouble. In the case of the 4th, the parameter Td was set to 10 days as the doubling time. All
calculations were performed using two values of c1 (solid curve: ¼ 0.1, dotted curve: c1 ¼ 0.15).
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for LQ and the present model, respectively. Parameters a
and R were 0.720 (1/Gy) and 0.349 in Eq. (9). The error of
the survival data of V-79 was obtained from the original
paper. The relative errors of MCF-12A were set as 10% for
small doses (,8 Gy) and 20% for large doses, from the
evaluation of data fluctuation. Fitting is performed using
the least square method with weight calculated as the
reciprocal of the squared error. In the proposed model,
there is a complementary fitting correlation between R and
a, and when the amount of data at a large dose is
insufficient, R tends to diverge. The standard deviation
calculated with error propagation for parameter a was 4%
(V-79), 3% (MCF-12A) and the error for R was 25% (V-
79), 38% (MCF-12A). The magnitude of the error is
thought to be related to the tendency of R to diverge as
described before. The values of AIC of the proposed model
show a small difference in comparison to linear quadratic,
but it is not a significant difference. Here, we do not
include the number of the parameters which are kept fixed
value in the calculation of AIC. So, the AIC values cannot be
simply compared between LQ and the present model.
Assuming that the fixed parameters have degrees of freedom,
the number of parameters should be considered in the AIC
value, and as the result, the AIC values are very similar
between different models.

Effect of Dose Rate

We assessed the effect of dose rate in the lethal and
potentially lethal (LPL) model by using the formula in the

original paper (23) by removing the contradiction con-
tained in the low-dose-rate region of the original data. For
two data series with very small dose rates in the original
data, reversed order occurs, therefore the new model that
gives meaning to the parameters introduces a distortion in the
fitting. After removing one data series with the lowest dose
rate, the proposed method [Eq. (16)], LQ2 model (29) and
sub-lethal damage repair (SLDR) model (33) were applied to
describe the data, by using the least mean square method with
weights (30% error, as a preliminary estimation). Since the
calculation results are very similar, only the results of the
proposed method are shown in Fig. 6. Conditions under
which proliferation is suppressed in experiments are assumed.
The number of free parameters used for fitting is four
[a ¼ 0.563 6 4.4% (1/Gy), f ¼ 0.838 6 2.3%, R ¼ 4.12 6
12% and sS ¼ 4.68 6 8.9% (h), c1 is fixed at 0.15, and sR is
set at the same value as sS]. Error (%) was calculated as
previously described. When the dose rate is high, this curve
is dominated by “the slope of a” indicating the total amount
of damage. In Fig. 6, a comparison of AIC for three models
shows that the present model (2816) is very similar to those
of LPL (2791), LQ2 (2788) and SLDR (2815). In the new
model, temporal depletion of repairability is substituted for
sublethal state changes, and thus comparable fitting perfor-
mance is obtained to other models.

c1 is a parameter that indicates the range of influence by
one hit, and 0.15 for low LET is considered to be acceptable
within the range of ambiguity regarding the definition of the
domain in a cell.

S
u
rv

iv
al

Dose (Gy)

AIC:  −38       −43

AIC: − 258      −264

c1=0.1, 

f =0.9 fixed

LQ

This model

FIG. 5. Fitting performance of the proposed model for a wide range of irradiated doses. Solid curves are the
results of fitting with the new model. Dashed curves are the results of the LQ model. Closed circles, open
circles, closed triangles, and open triangles are the data of V-79 cells exposed by X rays (32). The symbols are
the same as in the original. Open squares are the data of MCF-12A exposed by X rays (16).
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Systematic Fitting Using Crossover Parameters

A systematic fitting with many data (34–37) is performed

by using this model. In the proposed model, each parameter

has a clear meaning, and in principle, it is possible to use

common parameters for experimental data having common

conditions. A method of performing fitting of different data

sets all at once using common parameters is proposed by

using crossover parameters determined by radiation type

and cell type. This method requires fewer parameters than

traditional methods.

In an example of the fitting, parameter optimization by

the least square method was performed once using all data

in Figure 7. Data included 3 types of cell lines, and one cell

line provided oxic and hypoxic conditions (38)(39)(40). In
the case of conventional two- or three-parameter fitting

(LQ or LQL or others) for 11 sets of data, 22 or 33

parameters are necessary. On the other hand, this fitting

with common parameters can reduce the degrees of

freedom. Fitting was carried out in consideration of

experimental errors for all data. The figure shows an error

only in the case of HSG irradiated by X-rays. In the

preliminary calculation, the fitting parameter f results in

very similar values for all cases considered. Therefore, the

parameter f is set finally as identical to the value of 0.9.

Data of hypoxic state can be expressed by using a

parameter of Oxygen Enhancement Ratio (OER). It was

defined to affect only as a coefficient of parameter a.
Parameters a and R are common for both states. The

number of free parameters in fitting with the present model

was 11 in Table 1 except for 4 fixed parameters. As

previously mentioned, the fitting instability which depends

on the relationship between parameters a and R must be

overcome by devising an appropriate calculation method.

Here R_ons is pre-decided by the method. The method of

predetermining R is similar to step (i) above, but here f is
kept to predetermined value. All parameters calculated by

fitting are given %errors. It was found that the error of a

particular parameter (R) exceeded 100%. The reason for

this is thought to be the imbalance in sensitivity to

experimental error and the instability of fitting due to the

correlation between parameters. This systematic fitting

using all data was performed with f, c1 and R_ons held at

predetermined values.

DISCUSSION

Comparison with LPL Model

The LPL model does not consider the temporary

depletion of repairability. Instead, it considers the time

taken for repair and expresses the time dependence of

damage recovered after irradiation. As a result, the new

model and LPL differ in their treatment of changes in

survival when the dose rate is sufficiently high. In the new

model, the slope is determined simply by the amount of

damage. As a feature common to the two models, for a low

dose rate, the slope in both models is determined by the

amount of damage that cannot be repaired. In the

comparison of fitting performance shown by AIC between

0 10 20 30 40 50 60 70
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0.17 Gy/h
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This model(4 parameters)

c1=0.15 fixed

AIC(30%error)= − 816

LQ2(4 parameters)

AIC= − 788

SLDR(3 parameters)

AIC= − 815

FIG. 6. Survival curves of the new model for low-dose-rate irradiation. Data are described in the analysis of the
LPL model (23). The dose rate is varied from 0.17 Gy/h to 55.8 Gy/h. The symbol is different for each dose rate.
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this model and LPL model, no significant difference was

observed.

Comparison with SR and SRS Model

The saturated repair (SR) model proposed by Ando et al.
(26) is characterized by using two parameters and is easy to

fit the survival data. The definition of repairability is very

similar to that of the proposed model. Since the SR model

does not have an independent parameter that determines the

slope at low doses, it is impossible to treat the repairability

and the unrepairable damage independently. The simple

repair saturation (SRS) model uses a very similar scheme

of formulation in the differential equation as the present

model (41). As the result, the survival curve for one

fractionated dose has a similar formulation to each other,

(i.e., A, B0, and A/C are analogous to a, f, and R,
respectively). The difference between this study and the

SRS model is the consideration of the range of the spread of

damage (parameter c1) on one or two domains by one hit of

radiation.

Limitations of the New Model

As mentioned above, compared to the LQ model, which

shows stable fitting performance, the fitting of this model

has instability due to the correlation between R and a. The
two-step method proposed here is one solution in case of

S
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iv
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Dose (Gy)

HSG_hyp.

ONS76

HSG

MOLT4

X-rays

p_entrance

p_SOBP center

p_SOBP distal

c1=0.1 fixed

FIG. 7. Systematic fitting with crossover parameters for three cell types including hypoxic condition. Cell lines are indicated by color. Black:
HSG, Red: ONS76, Blue: MOLT4 and, Gray: Hypoxic HSG. Closed symbols are data of protons at three different depths (entrance: closed
square, SOBP center: closed circle, SOBP distal end: closed triangle) (38, 39). Open symbols are data for X rays (40). The dotted curve is the
result of fitting for cells exposed by X rays. Dash-dot curves, solid curves, and dashed curves are the results of fitting for protons entrance, SOBP
center, and SOBP distal.

TABLE 1
Parameters of Fitting in Fig. 7

cell MOLT4 HSG HSG_hyp ONS76

radiation p_center X p_entrance p_center p_distal X p_entrance p_center p_distal p_center X

R R_molt 0.146 (106%) R_hsg 2.193 (112%) R_ons, 4.0 fixed
a a_molt_c,

2.210 (9.2%)
a_molt_X,
2.262 (10%)

a_e,
0.970 (26%)

a_c,
1.023 (25%)

a_d,
1.033 (25%)

a_hsg_X,
0.911 (30%)

OER,
2.774 (2.5%)

a_e/OER a_c/OER a_d/OER a_ons_c,
0.966 (2.3%)

a_ons_X,
0.901 (2.5%)

f f_X and f_p ¼ 0.9 fixed, c1 ¼ 0.1 fixed
precondition R_ons is manually determined consistent values. Parameter f is identical for X-ray and proton.

Notes. Here, “hyp” means the condition of hypoxic. “p” or “X” means irradiation by protons or X rays. “e -entrance”, “c - center” and “d - distal”
mean the positions in the spread-out Bragg peak (SOBP) of proton depth dose distribution. Numbers in parentheses are percent uncertainty.
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getting instability in the fitting. In some calculation, fitting
is performed by keeping fixed values as 1 and 2 parameters
to avoid instability, and the number of parameters is not
considered in AIC. So, the AIC values can’t be simply
compared between curves as a result in the case of appearance
of instability. Considering the fixed parameters, it is thought
that the difference in AIC will be very small. This means that
the fitting likelihood is equivalent for the models used here.
To effectively use systematic fitting, data should not

include contradictory values as components. The inclusion
of contradictory data not only affects parameters but also
greatly hinders fitting. In other words, this technique may
be used to detect data anomalies.
Insensitivity to repair activation at a low dose (7, 11) is

not considered in this model. To consider it we require
modification of the repair component and also need more
data in the low-dose region. The saturation of damage that
occurs at an ultra-high dose rate is not included in this
model (42). The new concept of DSB drifting and pairing
(22) is also not considered in this study.

SUMMARY

The fitting performance for a wide range of irradiation
doses was presented. The values of AIC of the new model
do not show a statistically significant difference in compar-
ison to LQ or others. The new model enables an explanation
of the survival curve that changes with the dose rate as well as
the LPL model. The difference in concept from LPL produces
formula differences, especially under high-dose-rate condi-
tions. As with other models, systematic fitting under different
experimental conditions is important for a holistic view of
radiation quality and biological properties. This model with
11 free and 4 fixed parameters was shown to reduce the
number of parameters required in this systematic fitting in
comparison to LQ model with 22 parameters. The disadvan-
tage of this model is the instability of parameter optimization.
The complementary correlation of the two parameters may
cause the fitting to diverge. A two-step method has been
proposed to address this. In addition, if R can be fixed in
advance, stability of calculation can be obtained. By using a
time-dependent equation, the effects of fractionated radiation
can be calculated under various conditions. The effects of
restoration of repairability, intermittent irradiation, cell
proliferation, etc. can be calculated. In the case of explaining
the shape of the survival model, we’ve assumed some values
of parameters without fitting process, but it’s important to
make all parameters, such as doubling time, realistic values
for practical use with big data of radiation biology.

APPENDIX

The model group in Fig. 1 is divided into six categories. These are:

1.Target theory (TT) (43), Modified TT (44), Two components (27),
Generalized TT (37, 45); 2. LQ and linear model [Kavanagh-Newman

(27), NcKenna-Ahmad (27), LQ (2, 3, 28, 46), Linear 2-quadratic (34),
Modified LQ (30, 47), LQ-linear (8), Universal survival curve (48) Γ-LQ

(17)]; 3. Microdosimetric kinetic model (dual radiation action (49), MK

(50, 51), Integrated MK (33), Modified MK (18, 52–54), Stochastic MK

(13); 4. DSB simulation (two-lesion kinetic (29, 55), Local effect (19, 24),
Giant loop binary lesion (56), Cluster lesion (57, 58); 5. Lethal and repair

model [lethal and potentially lethal (LPL) (23, 59), Repair mis-repair (60),
Repairable-conditionally repairable (35, 61, 62)]; and 6. Repair saturation

[repair saturation (63), saturated repair (25, 26), simple repair saturation

(40)].
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